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We consider the synchronization of oscillators in complex networks where there is an interplay
between the oscillator dynamics and the network topology. Through a remarkable variable transfor-
mation and the introduction of virtual frequencies we show that Kuramoto oscillators on annealed
networks, with or without frequency-degree correlation, can be transformed to Kuramoto oscilla-
tors on complete graphs with a re-arranged, virtual frequency distribution, which encodes both the
natural frequency distribution (dynamics) and the degree distribution (topology). We exploit this
observation to give alternative, straightforward, explanations to a variety of phenomena that have
been observed in complex networks, such as explosive synchronization and vanishing synchroniza-
tion onset. We further extend this method to the study of the frequency-weighted coupling model
which also exhibits explosive synchronization.
Synchronization is an important natural phenomenon,
that is relevant in many processes, such as the flashing
of fireflies [1], pacemaker cells in the heart [2], and syn-
chronous neural activities [3]. In addition, synchroniza-
tion also has practical importance in aspects of modern
life, such as the functioning of power grids which is based
on the synchronization of power generators [4]. With var-
ious applications in physics, biology, and social systems,
Kuramoto-like oscillators are the most widely employed
and useful analytical models for the exploration of syn-
chronization [5].
Recently, explosive synchronization has been found in
scale-free networks where each oscillator’s natural fre-
quency is linearly correlated with its degree [6]. Such
transition process is first-order-like, discontinuous and ir-
reversible, and is closely related to explosive percolation
and cascading failures [7]. Explosive synchronization has
also been found in oscillators on a complete graph with
frequency-weighted coupling [8]. At the same time, os-
cillators on scale-free networks without frequency-degree
correlation exhibit the opposite phenomenon, that is, a
continuous transition with vanishing onset [9].
In both cases the scaling exponent γ of the scale-free
networks is a critical parameter. In particular, vanishing
onset and explosive synchronization are only observed
when 2 < γ < 3 [9, 10]. Even though these phenomena
have been extensively studied [11–13], their mechanism
is still unclear.
In this letter, with an annealed network approximation
[9, 10], we use the self-consistent method as a tool to re-
visit the synchronization phenomenon with a mean-field.
We introduce transformations that incorporate the effect
of the network topology by modifying the distribution
of natural frequencies. Therefore, the different cases are
reduced to the classical setting of Kuramoto oscillators
on complete graphs with various distributions of natural
frequencies. These cases include the explosive synchro-
nization and vanishing onset in scale-free networks with
or without frequency-degree correlation, and also the ex-
plosive synchronization in frequency-weighted coupling
models. Therefore, an intuitive understanding of these
models’ properties can be more easily obtained.
The basic idea of the Kuramoto model [14] to explore
synchronization is to consider a group of coupled oscilla-
tors with different natural frequencies as
θ˙i = ωi − λ
N
N∑
j=1
sin(θi − θj), 1 ≤ i ≤ N, (1)
where θi is the oscillator’s phase, and ωi is its natural
frequency. The coupling strength is given by λ, and
N is the size of the system. To describe the coherent
state of oscillators, the order parameter is introduced as
reiφ =
∑N
j=1 exp(iθi)/N . Using the order parameter, the
dynamics in Eq. (1) can be rewritten in mean-field form
as
θ˙i = ωi − λr sin(θi − φ), 1 ≤ i ≤ N. (2)
In this work, we are only interested in the steady states
where r(t) = r > 0 is constant and φ = Ωt+ φ0. In this
case, analytical results on the onset of synchronization
can be obtained from the analysis of each single oscilla-
tor through the self-consistent method [14, 15]. The dy-
namics in Eq. (2) can be further rewritten in the frame
rotating as Ωt + φ0 and a rescaled time τ = qt, where
q = λr, as
θ˙ = b− sin θ, (3)
where b = (ω−Ω)/q, and we have suppressed the indices
of oscillators. When |b| ≤ 1 the oscillator synchronizes
with the mean-field (locked), while if |b| > 1 it keeps
running. In the continuous limit N → ∞, combining
steady states of these two kinds of oscillators, we obtain
the self-consistent equations for the parameters r and Ω.
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2The self-consistent equations can be written as
1
λ
=
1
q
∫
R
gω(ω)1b
√
1− b2dω,
0 =
∫
R
gω(ω)
[
1bb+ (1− 1b)b
(
1−
√
1− 1
b2
)]
dω,
b = (ω − Ω)/q,
(4)
where gω(ω) is the density function of natural frequencies
ω. The indicator function 1b takes the value 1 if |b| ≤ 1
corresponding to locked oscillators, and 0 otherwise. Fur-
ther details on the self-consistent method can be found
in [5, 14–16].
In complex networks, the model for coupled oscillators
reads
θ˙i = ωi + λ
N∑
j=1
Aij sin(θj − θi), i = 1, . . . , N. (5)
The adjacency matrix Aij describes the connection of
oscillators. If there is a link between the oscillator i
and j, we have Aij = 1, and Aij = 0 otherwise. For
uncorrelated networks with randomly picked links and
large order N (annealed networks), the adjacency ma-
trix can be approximated with the mean-field assump-
tion Aij = kikj/N〈k〉, where ki is the degree of the i-th
node (oscillator) and 〈k〉 is the mean degree [7, 9]. The
model now reads
θ˙i = ωi + λ
N∑
j=1
kikj
N〈k〉 sin(θj − θi), i = 1, . . . , N. (6)
A generalized order parameter (mean-field) can be de-
fined as
reiφ =
N∑
j=1
kj
N〈k〉 exp(iθj). (7)
Substituting the order parameter into Eq. (6), we obtain
θ˙i = ωi − λrki sin(θi − φ), 1 ≤ i ≤ N,
which then reduces to the same mean-field form as Eq. (3)
with parameter b = (ω − Ω)/kq depending on both nat-
ural frequency ω and degree k.
Explosive synchronization.—We first consider the case
of explosive synchronization, in a network where each
oscillator’s natural frequency ω is correlated to its degree
as ω = Ak. The corresponding self-consistent equations
read
1
λ
=
1
q〈k〉
∫
R
kgk(k)1b
√
1− b2dk,
0 =
∫
R
kgk(k)
[
1bb+ (1− 1b)b
(
1−
√
1− 1
b2
)]
dk,
b = (Ak − Ω)/kq,
(8)
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FIG. 1: Transition processes (r vs λ) and re-arranged distri-
butions G(ν) of oscillators with the frequency-degree correla-
tion ω = Ak in annealed complex networks: (a-c) scale-free
networks g(k) ∼ k−γ with (a) γ = 2.6, (b) γ = 3, and (c)
γ = 3.4; (d) random network with exponential degree distri-
bution g(k) ∼ e−k. The minimum degree is assumed k0 = 1.
where gk(k) is the degree density, see also [10].
We then define new parameters (Λ, Q,W ) and a virtual
frequency ν by
ν =
1
k
, W =
A
Ω
, Q =
q
Ω
, Λ =
λ
Ω
. (9)
Then the self-consistent equations Eq. (8) can be rewrit-
ten as
1
Λ
=
1
Q
∫
R
G(ν)1b
√
1− b2dν,
0 =
∫
R
G(ν)
[
1bb+ (1− 1b)b
(
1−
√
1− 1
b2
)]
dk,
b = (ν −W )/Q,
(10)
where
G(ν) =
1
〈k〉
1
ν3
gk
(
1
ν
)
. (11)
This is the same form as Eq. (4) which holds for complete
graphs, where (λ, q,Ω, ω) are replaced by (Λ, Q,W, ν)
and the natural frequency density gω(ω) is replaced by
the virtual frequency density G(ν). Therefore, the self-
consistent equations for the systems we consider here be-
come the self-consistent equations for Kuramoto oscilla-
tors on complete graphs and (virtual) frequency density
G(ν).
The re-arranged distribution G(ν) is determined by
the degree density gk(k). Depending on the divergence
of quadratic mean degree 〈k2〉 of gk(k), there is a clear
distinction between two types of G(ν). Consider, for ex-
ample, scale-free networks with gk(k) ∼ k−γ . Then we
3have
G(ν) = Cνγ−3, (12)
with ν ∈ (0, 1/k0], where k0 is the minimum degree of
the network, and C is the normalization factor. For
2 < γ < 3 (divergent 〈k2〉), G(ν) is monotonically
decreasing with ν and divergent at ν = 0, while for
γ > 3 (convergent 〈k2〉), it is monotonically increasing
and stays finite in the region ν ∈ (0, 1/k0]. Between these
two cases when γ = 3 the distribution G(ν) is uniform.
The weight of oscillators with large degrees is enlarged
dramatically when 2 < γ < 3.
From well-known results of Kuramoto oscillators on
complete graphs [15], the uniform distribution of natu-
ral frequencies (corresponding to γ = 3) has a hybrid
synchronization transition which is abrupt and without
hysteresis, see also Fig. 1(b). On each side of such hy-
brid synchronization transition, we find the discontinuous
transitions with hysteresis if 2 < γ < 3 (Fig. 1(a)) and
the continuous transition if γ > 3 (Fig. 1(c)), see [10]. It
follows from Eq. (11), that other distributions gk(k) that
fall for large k faster than k−3 and thus have finite 〈k2〉,
are also monotonically increasing in the vicinity of ν = 0
from the fact that G(ν) → 0 as ν → 0. Consequently,
such distributions result in monotonically increasing or
unimodal distributions G(ν) and consequently give con-
tinuous transitions similarly to scale-free networks with
γ > 3. The example of the exponential distribution is
shown in Fig. 1(d).
We remark that the degree distribution affects the
transition to synchronization. With the increase of the
scaling exponent γ, the critical frequency Ωc with q → 0
increases. Since the oscillators that synchronize have
ν ≈ Ωc and k = 1/ν we conclude that the increase of
γ implies that the transition to synchronization is in-
creasingly driven by low-degree nodes. At the same time,
due to the concavity of the re-arranged density G(ν) [15]
for γ > 3, the synchronized state bifurcating from the
incoherent state becomes stable when low-degree nodes,
which form the majority of the network, are involved.
Since the low-degree nodes play the most important role
for the transition to synchronization, even if the distribu-
tion gk(k) ∼ k−γ , 2 < γ < 3, is truncated at a maximum
degree k0, giving a broad-scale network, the network will
still exhibit explosive synchronization.
Vanishing onset.—Another interesting phenomenon
for oscillators in scale-free networks is the vanishing onset
of synchronization when the distributions of ω and k are
independent [9]. From the dynamical equations Eq. (6),
assuming the distribution gω(ω) is unimodal and sym-
metric, we have Ω = 0 and the self-consistent equation
1
λ
=
1
q
∫
R
k
〈k〉gk(k)
(∫
R
gω(ω)1b
√
1− b2dω
)
dk. (13)
In this case, given that b = ω/kq, we define the virtual
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FIG. 2: Transition processes (r vs λ) and re-arranged distri-
butions G(ν) of oscillators without frequency-degree correla-
tion in annealed complex networks: (a-b) scale-free networks
g(k) ∼ k−γ with (a) γ = 2.6 and (b) γ = 3; (c) random
network with exponential degree distribution g(k) ∼ e−k;
(d) broad-scale network truncated by a maximum degree
kmax = 100 with γ = 2.6 for g(k) ∼ k−γ . The minimum de-
gree is assumed k0 = 1. In all cases the distribution of natural
frequencies is Gaussian, gω(ω) = (1/
√
2piσ2) exp(−ω2/2σ2)
with σ = 1.
frequency as ν = ω/k and its distribution as
G(ν) =
∫
R
k2
〈k〉gk(k)gω(kν)dk. (14)
With these choices, the self-consistent equation Eq. (13)
becomes
1
λ
=
1
q
∫
R
G(ν)1b
√
1− b2dν,
where b = ν/q, that is, it takes the same form as the self-
consistent equation for Kuramoto oscillators on complete
graphs with unimodal and symmetric (virtual) frequency
density G(ν). Therefore, the interplay of the natural fre-
quency density gω(ω) (dynamics) and the degree density
gk(k) (topology) is expressed through the re-arranged
virtual frequency density G(ν).
As an example, consider the uniform distribution
gω(ω) = 1/2 with ω ∈ [−1, 1]. For scale-free networks
gk(k) ∼ k−γ , with γ 6= 3, we obtain the symmetric and
unimodal distribution density
G(ν) = C(|ν|γ−3 − k3−γ0 ), (15)
where ν ∈ [−1/k0, 1/k0], and C is the normalization con-
stant (negative for γ > 3 or positive for 2 < γ < 3).
When 2 < γ < 3, G(ν) diverges at ν = 0, while for γ > 3,
the distribution density remains finite. In addition, for
γ = 3 one finds G(ν) = C ln(|ν|k0) for ν ∈ [−1/k0, 1/k0].
The transition onset of Kuramoto oscillators with uni-
modal and symmetric (virtual) frequency density G(ν) is
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FIG. 3: Transition processes (r vs λ) and re-arranged
distributions G(ν) of frequency-weighted-coupling oscilla-
tors: (a) out-coupling model and (b) in-coupling model.
The natural frequencies density is Gaussian, gω(ω) =
(1/
√
2pi) exp(−ω2/2).
determined by λc = 2/piG(0). Therefore, the divergence
of G(ν) at ν = 0 results to vanishing λc = 0.
Depending on the divergence of the quadratic mean
degree 〈k2〉, networks can also be divided into two cate-
gories. If and only if 〈k2〉 is convergent (e.g., for exponen-
tial distributions), the re-arranged distributions remain
finite, similarly to the case γ > 3, and thus we do not
have vanishing onset. The same result was previously
uncovered in [9]. With Gaussian distributions of natu-
ral frequency, the transition processes and re-arranged
distributions are shown in Fig. 2.
Different from the explosive synchronization which re-
sults from the scaling exponent γ in the bulk and is
largely insensitive to the tail, the vanishing onset is sen-
sitive to the tail of the distribution. Specifically, when
we consider broad-scale networks with truncated distri-
butions gk(k) ∼ k−γ , the corresponding re-arranged dis-
tributions G(ν) are finite at ν = 0, as shown in Fig. 2(d).
On the contrary, fat-tailed distributions with divergent
〈k2〉 have vanishing synchronization onset.
Note that in this case the synchronization cluster grows
from the oscillators with large degrees and small frequen-
cies.
Frequency-weighted coupling.—Except for the model
with frequency-degree correlation in scale-free networks,
another model that exhibits explosive synchronization, is
the Kuramoto model with absolute frequency-weighted
coupling [8, 17]. It is defined on complete graphs as
θ˙i = ωi − λ
N
N∑
j=1
Fij sin(θi − θj), 1 ≤ i ≤ N, (16)
where Fij = |ωi| (in-coupling model) or Fij = |ωj |/〈|ω|〉
(out-coupling model), mimicking the frequency-degree
correlation [18, 19]. The frequency-weighted coupling
model typically shows explosive synchronization (and
also oscillatory states, such as standing waves and
Bellerophon states) [18, 19].
For the out-coupling model, one can define an or-
der parameter as r =
∑
j |ωj |/(N〈|ω|〉) exp(iθj). Encod-
ing the frequency-coupling, the self-consistent equation
can be rewritten, using the virtual frequencies ν = ω,
in standard form with re-arranged distribution G(ν) =
|ν|gω(ν)/〈|ω|〉. For any normalized distributions gω(ω),
G(ν)→ 0 as either ν → 0 or ν → ±∞. Thus for any uni-
modal symmetric distribution gω(ω) the re-arranged dis-
tribution G(ν) is bimodal and symmetric, see Fig. 3(a).
For the in-coupling model, the case becomes more com-
plicated. For the steady-state solution with Ω = 0, we
have b = ω/|ω|q and thus we define the virtual frequency
ν = sign(ω), which is naturally bimodal. For Ω 6= 0, we
define the virtual frequency through the transformation
ν =
1
ω
, W =
1
Ω
, Q =
q
Ω
sign(ω), Λ =
λ
Ω
sign(ω), (17)
with density
G(ν) =
1
ν2
gω
(
1
ν
)
. (18)
The latter is bimodal and symmetric when gω(ω) is uni-
modal and symmetric, see Fig. 3(b). Note, that in this
case the coupling strength Λ can be either positive or
negative, unlike the standard Kuramoto model.
For coupled oscillators, bimodal frequency distribu-
tions and the coexistence of the positive and negative
coupling strength contribute to abrupt transitions and
oscillatory states (standing wave, pi state) [20, 21]. The
frequency-weighted coupling model, especially the in-
coupling one, includes these two factors and hence one
can anticipate its explosive synchronization and the ex-
istence of oscillatory (Bellerophon) states [18].
In conclusion, we have shown that with appropriate
transformations, several oscillator systems on complex
networks are transformed to the standard Kuramoto
model on complete graphs with a re-arranged virtual
frequency distribution. Such re-arranged distributions
combine the effect of topology, dynamics, and their cor-
relation, leading to a deeper intuitive understanding of
the onset of synchronization. Even though the analysis
here is based on annealed complex networks and com-
plete graphs with N → ∞, it can also be useful for the
understanding of such phenomena in smaller and more
complicated systems.
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